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Abstract
A good understanding of the confinement of energetic ions in non-axisymmetric magnetic
fields is key for the design of reactors based on the stellarator concept. In this work, we
develop a model that, based on the radially-local bounce-averaged drift-kinetic equation,
classifies orbits and succeeds in predicting configuration-dependent aspects of the prompt
losses of energetic ions in stellarators. Such a model could in turn be employed in the
optimization stage of the design of new devices.
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1. Introduction

Good confinement of fusion-generated alpha particles is one of
the basic properties of a fusion reactor. On the one hand, these
alpha particles are expected to contribute to heat the plasma,
which requires their confinement time to be comparable to the
time that it takes them to thermalize by giving their energy
to the bulk plasma. This is the so called slowing-down-time.
Specifically, the widely-employed figure of merit for energetic
ion confinement is the accumulated fraction of alphas that are
lost between their birth and one slowing-down time.

However, a more restrictive criterion may be set by the heat
loads on the walls, see e.g. [1]: alphas that are promptly lost,
and that therefore retain most of their original energy, could
damage the plasma facing components (the degree to which
this happens will depend to some extent on the details of the
magnetic configuration beyond the last closed flux-surface, as
well as on the design of the facing components themselves
[2]). This issue turns the fraction of alphas that are promptly
lost (i.e. that are lost in a time scale much shorter than the
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a See Klinger et al 2019 (https://doi.org/10.1088/1741-4326/ab03a7) for the
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slowing-down time) into an additional quantity to be targeted
in the design of a magnetic configuration.

In stellarators, neoclassical processes are the main concern
with respect to energetic ion confinement. Particles trapped in
the magnetic field of axisymmetric tokamaks, while moving
back and forth along the field lines, experience radial excur-
sions that produce banana-shaped orbits, but no net radial
displacement takes place in the absence of collisions (their
bounce-averaged radial drift, in the terminology that we will
employ later, is exactly zero). Things are different in a generic
stellarator (or in a tokamak with broken symmetry), where col-
lisionless trapped orbits are not confined. The component of
the magnetic drift that is tangential to the flux-surface causes a
precession within the flux-surface that tends to keep the orbits
close to the original surface [3] (for thermal ions of low col-
lisionality, the E × B drift plays this role, but it is negligible
for energetic ions). In a generic stellarator, however, a frac-
tion of the particles have small tangential magnetic drift. These
particles drift radially very fast, following a so-called super-
banana orbit. Along this work, we will denote as superbananas
the orbits of particles whose bounce-averaged radial mag-
netic drift is much larger than their bounce-averaged tangential
magnetic drift.
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Although not always explicitly named, superbananas have
been long known to cause significant energetic ion prompt
losses, and are usually targeted in stellarator optimization. In
the stellarator Wendelstein 7-X (W7-X), good confinement of
the energetic ions relies on the diamagnetic effect at finite β,
via an enhancement of their poloidal precession [4]. W7-X,
like other quasi-isodynamic stellarators, seeks to satisfy the
maximum-J property: the contours of constant second adia-
batic invariant J are ideally aligned with the flux surfaces,
and the function J(s), being s the flux-surface label, is made
monotonously decreasing [5, 6]. Since particles move at con-
stant J, if these conditions are met for all velocities, no super-
bananas exist. In heliotron devices, inward-shifting of the mag-
netic axis is known to contribute to align the contours of J with
the flux-surfaces, and it has been experimentally demonstrated
to improve energetic ion confinement [7]. In quasisymmetric
devices, optimization with respect to energetic ion confine-
ment has often been addressed indirectly, through reduction
of the Fourier components of the magnetic field strength with
helicity different than that corresponding to the direction of
symmetry [8, 9] (in a perfectly quasisymmetric stellarator,
J is constant on the flux-surface). Additionally, recent opti-
mizations using the Γc proxy have yielded good energetic ion
confinement in a quasihelically symmetric stellarator [10]. The
Γc proxy [11] measures the ratio between the average radial
component and the average tangential component of the mag-
netic drift: when it is 0, no superbanana orbits exist; it is 1 for
a flux-surface where the ions cannot precess. Good correlation
has been recently found between Γc and the performance of
several reactor-size stellarator configurations with respect to
energetic ion confinement [12]. As a result of these optimiza-
tion efforts, configurations belonging to the main stellarator
concepts can be found that have negligible prompt losses, at
least for energetic ions born at a certain radial region, see e.g.
[9, 10, 13, 14].

For an accurate evaluation of the confinement of energetic
ions by a given magnetic configuration, Monte Carlo simula-
tions are usually employed [5, 8–10, 14–17]. Guiding-center
orbits are distributed similarly to fusion-born alpha particles
and followed as they explore a reactor-size magnetic configu-
ration at least for one slowing-down time. While most of these
studies have focused on estimating the loss fraction, and on
assessing that the optimization strategy has indeed improved
the desired figure of merit, they have also confirmed several
aspects of the picture drawn in the previous paragraphs. Two
time scales are observed in the time dependence of the loss
fraction, corresponding to very different populations, see e.g.
[10, 14, 16–18]: prompt losses take place mainly among rel-
atively deeply trapped particles that are born on a loss cone,
and they can be reduced by optimization as outlined in the
previous paragraph; on a longer time scale, shallowly trapped
ions escape. These slower losses are thought to be caused by
stochastic diffusion [19].

The goal of this work is to provide a more exhaustive char-
acterization of the prompt losses of energetic ions in a stellara-
tor configuration. To that end, we will develop a simple model
that, based on the bounce-averaged drift kinetic equation, will
classify bounce-averaged orbits into confined or unconfined.

To the extent that this model is able to describe important
aspects of these prompt losses, and if the dependence of these
features on the magnetic configuration is well captured, it
could in turn be employed within the optimization loop in the
design of new stellarator configurations.

For these studies, we will use modules of the neoclassical
code KNOSOS (KiNetic Orbit-averaging SOlver for Stellara-
tors)3, that treats rigorously the effect of the component of the
magnetic drift that is tangent to magnetic surfaces [20]. The
set of magnetic equilibria for our tests has been selected from
the configuration space of W7-X, and it includes a scan in the
mirror term, the rotational transform, and β. They correspond
to free-boundary VMEC [21] equilibria, which guarantees that
the relevant effect of the coil ripple [22] is taken into account.
The selection of a relatively narrow stellarator configuration
space will allow us to concentrate on fine parameters of the
magnetic field, rather than on differences on zero-dimensional
quantities such as e.g. the major radius. The rationale for this
is that the former are the ones actually explored in an opti-
mization process, while the latter are mainly set on beforehand
based on considerations of a different kind. We will argue that
our results should nevertheless be relevant for the characteri-
zation and optimization of energetic ion confinement in other
types of stellarators. They can also be useful for the design of
real tokamaks, in which neoclassical energetic ion losses, asso-
ciated to the deviation from perfect axis-symmetry (caused,
e.g. by coil ripple), have to be mitigated [23]. The predic-
tions of the model will be compared to Monte Carlo collision-
less full orbit simulations performed with the code ASCOT
[24, 25].

The rest of the work is distributed as follows. Section 2
presents the notation, and the relevant equations and identities.
Section 3 contains a discussion on superbananas from both the
radially-global and radially-local perspective. Our proposed
model for prompt ion losses is presented in section 4 and val-
idated against full orbit simulations in section 5. Section 6 is
devoted to discussing the results and future steps.

2. Equations

Let us first define the coordinate system that we will use. Flux
surfaces are labeled by the radial coordinate

s =
Ψt

ΨLCMS
, (1)

where 2πΨt is the toroidal magnetic flux, and Ψt = ΨLCMS at
the last-closed flux-surface. Magnetic field lines on the surface
are labeled by an angular coordinate

α = θ − ιζ, (2)

where θ and ζ are poloidal and toroidal Boozer angles,
respectively, and ι is the rotational transform. Finally, l is
the arc-length along the magnetic field line. In these spatial

3 KNOSOS can be downloaded from https://github.com/joseluisvelasco/KNO
SOS.
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coordinates, the magnetic field B can be written as

B = ΨLCMS∇s ×∇α. (3)

As velocity coordinates, we choose the magnitude of the
particle velocity

v = |v|, (4)

the pitch-angle coordinate

λ =
1
B

v2
⊥

v2 , (5)

and the sign of the parallel velocity

σ =
v∥
|v∥|

= ±1, (6)

with

v∥ = v· B
|B| = v· B

B
,

v⊥ =
!

v2 − v2
∥ .

(7)

Since passing particles are well confined even in stellara-
tors, we are interested in the behavior of the energetic ions that
are trapped, i.e. those for which v∥ = 0 at some point along
their trajectories. Their back and forth motion along the mag-
netic field is much faster than collisions, and their distribution
function, that we denote by F(s,α, l, v,λ, σ), does not depend
either on the coordinate along the field line l or on the sign of
the parallel velocity σ. Figure 1 (left) represents the magnetic
field strength B on the flux-surface s = 0.25 of the KJM con-
figuration of W7-X at β = 0%. The straight lines of figure 1
(right) correspond to orbits with λ = 0.41 T− 1 and different
values of α. By comparing the two figures, it can be seen that
the most deeply trapped particles (i.e. with higher λ) live in α
approximately (and slightly higher than) π: particles moving
along these field lines explore the minimum values of B on the
flux surface. Conversely, particles moving along the field line
labeled by α = 0 have a smaller range of accesible λ. These
general features are common to all the configurations in this
work.

The type of equation that we need to solve for the evaluation
of the distribution function of trapped energetic ions is [3]

∂αJ∂sF − ∂sJ∂αF = S, (8)

where S is a source term and collisions have been neglected.
In our variables, the second adiabatic invariant J reads

J(s,α, v,λ) = 2v

" lb2

lb1

√
1 − λB dl, (9)

where the integral over the arc-length is taken between the
bounce points lb1 and lb2 , i.e. between the points where the
parallel velocity of the particle is zero.

It follows from equation (8) that energetic ions move in
phase-space at constant J. It is clear then that ∂sJ = 0 means
that the bounce-averaged motion of the trapped ions is directed
in the radial direction, following a superbanana orbit, some-
thing to be avoided. This dynamics can be made more explicit

by using the identities (in the absence of radial electric field)
[3]

∂αJ =
ZeΨLCMS

m
τbvM · ∇s,

∂sJ = − ZeΨLCMS

m
τbvM · ∇α.

(10)

Here, Ze is the ion charge, m is the ion mass,

vM =
mv2

Ze

#
1 − λB

2

$
B ×∇B

B3 (11)

is the magnetic drift, f denotes the bounce-average of a
function f (s,α, l, v,λ) that does not depend on σ

f =
2

vτb

" lb2

lb1

f√
1 − λB

dl, (12)

and

τb =
2
v

" lb2

lb1

dl√
1 − λB

(13)

is the bounce time. According to equation (10), ∂sJ = 0 means
that the magnetic drift has zero component on the flux surface.
More generally, |∂sJ| ≪ |∂αJ| is equivalent to |vM · ∇α| ≪
|vM · ∇s|.

3. Trapped energetic ions and superbanana orbits

Once coordinates l and σ have been removed from the
problem, we are left with two spatial coordinates, s and α, and
two velocity coordinates, v and λ. The two latter are constants
of motion in the absence of collisions and electric fields. Addi-
tionally, J is conserved if there are no collisions, and this can
be employed to determine the trajectories s(α) for given v and
λ. Therefore, one of the clearest ways of depicting the colli-
sionless trajectories of energetic ions are polar s − α maps of
J/v at fixed λ, see e.g. [5]. This kind of representation is revis-
ited in figure 2 for five different magnetic fields, corresponding
to the KJM configuration of W7-X (also termed high-mirror),
with parabolic plasma profiles and volume-averaged β rang-
ing from 0% to 4%. The KJM configuration is employed in
this section because it is the one predicted to be closer to sat-
isfying the maximum-J property at high β. Profiles of the rota-
tional transform, effective ripple and other relevant quantities,
for this and other configuration employed in this work, can be
found in [26]. For this example, λ is set to 0.41 T− 1, an inter-
mediate value between very deeply trapped particles and the
trapped/passing boundary. The general differences are clear:
for small β, most contours of constant J are open and intersect
the last-closed flux-surface. As β increases, this ceases to be
true, and the region with open trajectories becomes smaller.
One can focus, for β = 0%, on the ions born very close to
the magnetic axis. These ions are promptly lost, since their
J-contour (J = 0.28vR0, light green, where R0 is the major
radius) crosses almost orthogonally the flux-surfaces. Most
ions belong to orbits that behave in a similar way. The only
exception consists of a small fraction of orbits (J = 0.24vR0,

3
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Figure 1. Magnetic field strength on flux-surface s = 0.25 of the KJM configuration at β = 0% (left) and, for the same surface, several
orbits with λ = 0.41 T− 1 and different α.

blue) that are closed: their motion is highly localized at small
values α and they explore the whole range 0 < s < 0.8. At
this value of λ, things do not change qualitatively for β = 1%
and β = 2%. The shape of orbits that contain the magnetic
axis (light green, although corresponding different value of
J than for smaller values of β) changes slightly, and the region
of closed orbits localized in the angular coordinate α (blue,
although corresponding different value of J than for smaller
values of β) starts to shrink. Once β = 3% is achieved, the
map changes qualitatively, and the maximum-J property starts
to become apparent. All the orbits with J > 0.34vR0 (red and
reddish green) are closed. The outermost closed-contour of
constant J is J ≈ 0.34vR0 (light green): particles born with this
value of J precess in α while moving radially from s = 0.2 to
s ≈ 1. This means that all orbits starting at s < 0.2 are con-
fined, and that for outer flux-surfaces (J < 0.34vR0, bluish
green and blue) open orbits exist. For β = 4%, J becomes
nearly independent of α and, as a consequence of that, the
radial excursions of the confined orbits become smaller. Note
however that there still exist orbits starting at s ! 0.6, with
small value of J, that are open.

3.1. Radially local description of superbanana orbits

In this subsection, we undertake a radially local description
of the J-maps. Even though, as we have seen, the orbits of
energetic ions are inherently global, we will argue that a local
description is enough for a reasonable characterization of what
properties of the energetic ions cause them to be promptly lost,
something not always easy to do with a (radially global) Monte
Carlo guiding-center code. As a consequence of this, a local
approach can provide figures of merit for energetic ion confine-
ment that may be employed by stellarator optimization codes.
After all, these codes tend to use a radially local approach: the
properties of the magnetic configurations, specially within the
optimization loop, are naturally evaluated at a discrete set of
flux-surfaces. In some cases, there are solid theoretical reasons
to do so in just a few surfaces: for instance, it is expected that
perfect optimization with respect to quasisymmetry cannot be

achieved in the full volume of a stellarator [27]. This approach
can be easily justified in the case of optimization with respect
to energetic ion confinement: if the flux surface labeled by
s = s0 is perfectly optimized, all energetic ions born at s " s0

will be confined. The optimization of quasisymmetry on a sin-
gle flux-surface can indeed produce configurations with very
good energetic ion confinement [9].

In what follows we rearrange the data from figure 2 in terms
of radially local quantities. To that end, figure 3 represents

γ∗
c =

2
π

arctan
∂αJ
|∂sJ| =

2
π

arctan
vM · ∇s

|vM · ∇α|
, (14)

at the flux surface s = 0.25. This quantity differs (for orbits
with vM · ∇α < 0) in sign from

γc =
2
π

arctan
vM · ∇s
vM · ∇α

, (15)

already defined in [11], which means that (γ∗
c )2 = γ2

c .4 The
function γ∗

c identifies clearly the superbanana orbits: where
γ∗

c ≈ − 1 (blue), the ions drift radially inwards with no tangen-
tial precession; whereγ∗

c ≈ 1 (red), they do so outwards. These
points correspond to points in figure 2 where the contours of
constant J intersect those of s = 0.25 almost orthogonally.

By comparing the maps of γ∗
c for different configurations,

the effect of β in velocity space can be studied in more detail
(we note that a similar, less detailed exercise was done in [22]
to study qualitatively the effect of the coil ripple in HSX). At
β " 1%, most of the λ-range contains superbananas. Things
start to improve at β around 2%, where two separate regions
with superbananas have developed: one at intermediate values
of λ and another one for deeply trapped ions, corresponding to
the largest accessible values of λ. If β is further increased, the
former superbananas start to disappear, while the latter become

4 Nemov’s γc in has an additional dimensionless α− dependent quantity
(|∇ψi| in equation (51) of [11]), in the argument of the arctan, that should
not affect the discussion of this section.
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Figure 2. Color maps of J/(vR0) at λ = 0.41 T− 1 for the KJM configuration of W7-X, using parabolic plasma profiles and β = 0% (top
left), 1% (top right), 2% (center left), 3% (center right), 4% (bottom). Dashed circles represent s = 0.25, 0.50, 0.75 and 1.00, and the
horizontal black line corresponds to α = 0. Note that the color range varies.

concentrated in a narrow region of larger values of λ, where
very deeply trapped ions live. Figure 4 represents the same
information than figure 3 at an inner position, s = 0.06. In this
case, the angular extension of the superbananas is smaller, but
their qualitative behavior with β is the same.

4. Models for prompt ion losses

In this section, we discuss how the information contained in
figures 3 and 4 can be employed to model the prompt losses
of energetic ions. Indeed, the well-known Γc proxy is a simple

5
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Figure 3. Angular and velocity dependence of γ∗
c at s = 0.25 for the KJM configuration of W7-X, using parabolic plasma profiles and

β = 0% (top left), 1% (top right), 2% (center left), 3% (center right), 4% (bottom). The horizontal dashed line highlights the value of λ
employed at figure 2, 0.41 T− 1.

surface integral of (γ∗
c )2 on the phase space [11]:

Γc =
π

4
√

2

%" B− 1

B− 1
max

dλ
B√

1 − λB
(γ∗

c )2

&
, (16)

where ⟨. . .⟩ denotes flux-surface average, Bmax is the maxi-
mum value of B on the flux-surface and we have made use

of
"

d3v(. . .) = π
'

σ

" ∞

0
dv v2

" B− 1

0
dλ

B√
1 − λB

(. . .). (17)

Equation (16) can be more explicitly written as

Γc =
π

16
√

2
dΨt

dV

" 2π

0
dα

'

w

" B− 1
m,w

B− 1
M,w

dλvτb(γ∗
c )2, (18)
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Figure 4. Angular and velocity dependence of γ∗
c at s = 0.06 for the KJM configuration of W7-X, using parabolic plasma profiles and β =

0% (top left), 1% (top right), 2% (center left), 3% (center right), 4% (bottom). The horizontal dashed line highlights the value of λ employed
at figure 2, 0.41 T− 1.

where V is the volume enclosed by the flux-surface, the sum-
mation is taken over all the wells w at a given α, B− 1

M,w and
B− 1

m,w are the maximum and minimum values of B on well w.
In a generic stellarator, γ∗

c (as well as τ b) depends on λ, α and
w. Only if it is close enough to omnigeneity (i.e. to perfect
neoclassical optimization) [28], just one minimum of B along
the field line exists for each α, and no ripple wells (with the
exception of configurations like those of [29]). If this is the

case (or if ripple wells can be ignored) equation (16) can be
further simplified to

Γc =
π

16
√

2
dΨt

dV

" 2π

0
dα

" B− 1
min

B− 1
max

dλvτb(γ∗
c )2, (19)

where Bmax and Bmin are the (α-dependent) maximum and
minimum values of B on the field line.

7
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Ripple wells typically have a limited angular extension.
This means that, even if γ∗

c is far from 0 at these locations, the
particle may move in α and abandon the well before actually
making a large radial excursion. Transitions between locally
trapped and locally passing particles, that cause many small
radial excursions, are usually associated to stochastic losses
[19]. In the rest of this work about prompt losses, we will
ignore ripple wells and γ∗

c will be a function of α and λ for
each flux-surface.

TheΓc proxy has been employed in the optimization of qua-
sisymmetric stellarators [10]. Its use in helias devices has how-
ever been less successful [16]. In this work, we will employ
two variations over Γc:

Γ̌c =
1
2

%" B− 1

B− 1
max

dλ
B√

1 − λB
(γ∗

c )2

&
=

π

2
√

2
Γc (20)

and

Γ̂c =
1
2

%" B− 1

B− 1
max

dλ
B√

1 − λB
|γ∗

c |
&

. (21)

The first one is proportional to Γc, normalized so that its range
of variation is the same as that of other quantities defined in
subsections 4.1 and 4.2; the second one will additionally guar-
antee, as we will see in section 5.4, a more linear relation with
the fraction of prompt losses.

In the following subsections, we propose several models of
increasing complexity that, building on γ∗

c , try to model with
greater detail the prompt losses of energetic ions in stellara-
tors. The quantity Γδ will be presented in section 4.1 and the
quantity Γα in section 4.2. The validation of Γα will be the
main result of this work, but the different predictive capability
of Γδ and Γα will provide a clear picture of the key aspects of
prompt losses.

It must be emphasized here that, even though they will
use the same basic information, the philosophy of these mod-
els will be different from that of Γc. The models presented
in sections 4.1 and 4.2 will consist of a classification of
orbits into confined or unconfined (each model using dif-
ferent criteria for this classification). This means that they
can be employed to give a quantitative prediction of the
loss fraction of energetic ions. No such interpretation is pos-
sible with the proxy Γc, which is simply an estimate of
how much the contours of constant J deviate from the local
flux-surface.

4.1. Model I: existence of superbananas

Trapped ions do not move randomly in the (α,λ) plane, but
they precess periodically in α at constant λ. Because of this,
a region of superbananas that is narrow in α and covers the
whole λ-range should in principle be worse, for energetic ion
confinement, than a region of superbananas that is narrow in
λ and fills completely α. In the latter case, only the ener-
getic ions born at that particular value of λ would be lost,
and the rest would stay confined (except for other transport
mechanisms different than superbananas); in the former case,
all the ions, after some precession in α, would run into a

superbanana and drift radially outwards. One could then pro-
pose as a figure of merit for energetic ion confinement the
quantity

Γδ =
1
2

%" B− 1

B− 1
max

dλ
B√

1 − λB
H
(
max(γ∗

c (α|λ)) − γth
)
&

.

(22)
Here, the function max(γ∗

c (α|λ)) denotes, for each λ, the max-
imum value of γ∗

c that can be found moving in α at fixed λ.
The role of the Heaviside step function H is to detect whether
a superbanana exists or not for that value of λ. In all the cal-
culations of this work, the threshold parameter γ th is taken to
be 0.2, corresponding approximately to

vM · ∇α

vM · ∇s
= π, (23)

i.e. to a trajectory that travels a distance 1 in the radial coor-
dinate s before moving π in the α direction (varying this ratio
between π/2 and 2π does not change significantly the results
presented in the next section). Figure 5 (left) contains one
example (corresponding to the β = 4% case of figure 3) of
classification of orbits by model I.

Equation (22) is defined such that Γδ is bounded between 0
and the fraction of trapped particles,

f trapped =
1
2

%" B− 1

B− 1
max

dλ′ B√
1 − λ′B

&
=

*+
1 − B

Bmax

,
.

(24)
We will see in section 5.4 that Γδ is far from being a perfect

predictor of prompt losses. The reason is that Γδ is still too
rooted on the radially-local approach. In order to have a model
that characterizes better the prompt losses in a stellarator, more
global features need to be taken into account. We attempt to do
so in the remainder of section 4.

4.2. Model II: local orbits and α− loss cone

Figure 6 (top) is a sketch, based on figure 2, of the contours
of constant J (thin black lines) and contours of constant s
(dashed circles) for a given value of λ. It roughly represents
the orbits that start at s = s0 = 0.25 with λ = 0.41 T− 1 at
β = 4%. The flux-surface denoted by s0 (green) contains a
superbanana orbit: ∂sJ is small around two angular positions
α = αin (blue) and α = αout > αin (red). At αin, vM · ∇s < 0
and the radial excursion is directed inwards; at αout,
vM · ∇s > 0 and the radial excursion is directed outwards.
As the arrows indicate, for any α different than αin or αout,
vM · ∇α > 0.

It is now evident where the approach of subsection 4.1
stops being accurate: even though a superbanana exists at the
same λ, energetic ions born at α < αin and α > αout describe
orbits at constant J that do not go beyond s = s0: even if
they do not move at constant s, because the s-contours and
the J− contours are not perfectly aligned, the J-contours are
closed and the motion in s is bounded. Only those ions born at
αin < α < αout do escape (the ones close to αin, after an
inwards excursion and later α-precession). A better proxy for
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Figure 5. Unconfined orbits (identified by gray crosses drawn over the color plot of γ∗
c ) at s = 0.25 for the KJM configuration of W7-X,

using parabolic plasma profiles and β = 4% according to the classification of model I (left) and model II (right).

Figure 6. Sketch of energetic ion orbits: example of partial
optimization (top) and no optimization (bottom). Thin black
lines and dashed circles represent contours of constant J and s
respectively. Arrows indicate the direction of poloidal
precession and the red and blue dashed lines mark the angular
location of radial excursions from the original flux-surface,
plotted in green.

energetic ion confinement could then be

Γα =
1
2

%" B− 1

B− 1
max

dλ
B√

1 − λB

× H
(
(αout − α)vM · ∇α

)
H
(
(α − αin)vM · ∇α

)-
.

(25)

Here, αout and αin are defined as two consecutive angular posi-
tions where γ∗

c (αin) < − γth and γ∗
c (αout) > γth (we employ

γth = 0.2, as in section 4.1). The Heaviside functions guaran-
tee that the right portion of the α-range is selected. We note
that α is a periodic coordinate, and this has to be taken into
account when computing αout − α and α − αin. It is straight-
forward to generalize the formula for the case in which several
superbananas, and thus several pairs of αout and αin, exist at a
given s and λ. As in the case of Γδ , Γα takes values between 0
and f trapped.

Figure 5 (right) shows an example (also for β = 4%)
of what orbits are identified by model II as unconfined. In
this case, the tangential magnetic drift is negative for deeply
trapped particles, which means that all those particles precess
toward smaller values of α and end up in αout, i.e. a region
where γ∗

c > γth. For λ smaller than 0.44 T− 1, the tangential
magnetic drift is mainly positive, and only a fraction of the
orbits born with a value of λ such that max(γ∗

c (α|λ)) > γth are
lost: those starting at αin " α " αout (and not those starting at
αout " α " αin + 2π or at αout − 2π " α " αin).

The local description should break down entirely in situ-
ations in which the energetic ions are basically unconfined.
Figure 6 (bottom) represents the situation of orbits that start at
s = s0 = 0.25 with λ = 0.41 T− 1 at β " 2%. The flux-surface
denoted by s0 contains a superbanana orbit: ∂sJ = 0 around
two angular positions αin = 0 (blue) and αout = π (red). How-
ever, it is clear that all the energetic ions born at s = 0.25
are promptly lost, even those at α = π or α = − π, where
∂αJ/∂sJ = 0. This could cause Γc to be inaccurate, although
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still able to distinguish between 6 (top) and 6 (bottom). How-
ever, it is possible that Γα does a good job, because, at s0, for
every value of α (except for the two discrete points α = αin

and α = αout exactly), one has

H
(
(αout − α)vM · ∇α

)
H
(
(α − αin)vM · ∇α

)
= 1. (26)

In summary, Γα should be able to characterize at least stel-
larators with good energetic ion confinement whose map of J
is similar to figure 6 (top) and stellarators with poor confine-
ment and a map of J that looks like 6 (bottom). In section 5
we demonstrate that this is the case, and that Γα also can be
applied to intermediate situations.

5. Model validation with full orbit simulations of
prompt losses

In this section, we characterize the transport of energetic ions,
and validate our models, for the five configurations of the
β-scan of section 3 and three additional vacuum configurations
of W7-X: EIM (also known as standard), FTM (high-ι) and
DBM (low-ι). Ions of 50 keV are launched from flux surfaces
s = 0.06, s = 0.25 and 0.50 (2 ×104 ions for each surface).
The chosen energy guarantees that the Larmor radius is simi-
lar to that of a fusion-born alpha particle in a device of reactor
size, and the radial electric field is set to zero, so that it does
not obscure the role of the magnetic drift in making the ions
precess. The distribution in the rest of variables of the phase-
space is set to mimic that of alpha particles in the reactor. The
orbits of these ions are then followed with the Monte Carlo
code ASCOT for 0.1 s, which is the time needed by a 50 keV
ion to perform roughly as many toroidal turns in the W7-X con-
figuration as an alpha particle does in a slowing-down time in a
reactor-sized stellarator. In figure 7, it will also be seen that this
time is larger that the timescales of both prompt and stochastic
losses. Collisions are not included, since they are not relevant
for prompt losses.

In the framework presented in section 4, three qualitative
predictions can be made for the prompt losses of energetic
ions being born on an optimized flux surface s with veloc-
ity v. First, their distribution in λ should be concentrated in
the regions where superbananas are identified, γ∗

c (α,λ) > γth.
This applies to both the distribution at birth (i.e. the starting
points of their trajectories) and the final distribution (i.e. the
points where they reach s = 1), since λ is a constant of motion.
Second, the final distribution of prompt losses should be con-
centrated around αout(λ). In a bidimensional map of the flux-
surface, this corresponds to a straight line of constant θ − ιζ .
Third, the birth distribution of prompt losses should be concen-
trated around a generally wider region (αin(λ) < α < αout(λ),
according to model II). For an unoptimized magnetic con-
figuration, the velocity distribution will still be concentrated
where superbananas exist, but this will likely be a very broad
λ distribution. According to model II, less localization can be
expected in α.

In this section, the first three subsections compare quan-
titatively the full-orbit simulations with several predictions
of model II: in section 5.1, the total fraction of prompt

losses is described; section 5.2 shows the velocity distribu-
tion of prompt losses, and section 5.3 their angular distribu-
tion. Finally, section 5.4 compares all the models in terms of
usefulness for stellarator optimization.

5.1. Time scale and total fraction of prompt losses

The total fraction of prompt losses is given by Γα in
equation (25),

fpl = Γα. (27)

We note that the upper limit for f pl is the total fraction of
trapped particles f trapped.

Figure 7 (left) shows the time evolution of the loss frac-
tion of energetic ions born at s = 0.25 calculated with ASCOT,
f loss,t(t), for all the configurations in the β-scan. The two time
scales discussed in the introduction are present; prompt losses
occur in the interval 10− 4 s < t < 10− 3 s. A slower loss of ener-
getic ions takes place for t > 10− 3 s. As discussed through-
out this paper, confinement is bad at β " 1%, and larger β
leads to reduced prompt losses, with a clear improvement for
β ! 3%. This feature is well captured by the predictions of
the model, as shown in figure 7 (left). For t > 10− 3 s, no
prediction can be attempted by the model, since it does not
contain the relevant physical mechanism, stochastic diffusion.
We note that the division between prompt and stochastic at
t = 10− 3 s in the ASCOT data of figure 7 (left) is not rigor-
ous, and therefore the comparison with the model can only be
approximate.

Additionally, in our model, energetic ions escape drifting
radially outwards once they reach αout. The time it takes them
to cover the radial distance 1 − s0 (i.e. from the original sur-
face to the last closed flux-surface), at a velocity given by
vM · ∇s evaluated at s0 and αout, should provide a rough esti-
mate of the time scale of the prompt losses. Figure 7 (right)
shows (1 − s0)/vM · ∇s for the β = 4% case at s = 0.25 eval-
uated at the angular positions where γ∗

c is larger than γ th.
The model indeed predicts the prompt losses at the right time
scale.

5.2. Velocity distribution of prompt losses

We are also interested in the fraction of energetic ions born
with a given pitch-angle λ that are promptly lost, which reads

fpl,λ(λ) =

!
B√

1− λB
H
"
(αout − α)vM · ∇α

#
H
"
(α − αin)vM · ∇α

#$

!
B√

1− λB

$ .

(28)
This quantity is 1 if no energetic ion of that pitch-angle

velocity is confined.
Figure 8 (left) represents f loss,λ (t < 10− 3 s), the fraction

of energetic ions born at s = 0.25, calculated with ASCOT,
that are lost at t < 10− 3 for each λ. It shows that, for small
β, all values of λ have bad confinement, but specially the
region of deeply trapped particles. The effect of β ! 3% is
to push superbananas deeper into the trapped region (both
around 0.38 T− 1, not far from the trapped/passing boundary,
and 0.45 T− 1, in the deeply trapped region) and to remove
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Figure 7. Left: loss fraction of energetic ions born at s = 0.25 as a function of time obtained with ASCOT (lines) and total fraction of
prompt losses predicted by the model (squares). The dotted lines represent the fraction of trapped particles. Right: estimate of prompt loss
time by the model.

Figure 8. Velocity-resolved prompt loss fraction of the energetic ions born at s = 0.25 obtained with ASCOT (left) and the model (right).
The dotted lines represent 1/Bmin and 1/Bmax, being Bmin the minimum of B on the flux surface.

the prompt losses of ions born around 0.42 T− 1. These fea-
tures were partially discussed in section 3, in terms of γ∗

c ,
and the model captures them quite well, according to figure 8
(right), that shows f pl,λ. The absolute values are globally
slightly smaller for the deeply trapped region and slightly
higher around 0.38 T− 1.

5.3. Angular distribution of prompt losses

We start this subsection by discussing the angular distribu-
tion of the initial and final positions of the energetic ions that
are promptly lost, as calculated with ASCOT, in order to vali-
date the qualitative discussion around the sketches of figure 6.
Figure 9 represents the number of energetic ions born at a given
point of the flux-surface that are lost (left column) and the
number of energetic ions that reach the last-closed flux-surface
at a given angular position. In both cases, prompt losses (before
10− 3 s) are considered, the angular position is described by the
toroidal and poloidal Boozer angles, and the data are normal-
ized by the total quantity of prompt losses. As we expected, the

distribution of initial points of the promptly lost ions, figure 9
(left), is reasonably well-aligned with the field lines. Although
the distribution of losses is rather broad, there appears to be a
slight concentration of losses for values of α around π, which
in the case of β = 4% could correspond to deeply trapped par-
ticles, lost as predicted by figure 5 (right). This will be studied
in more detail in figure 10. Here, we are interested in com-
paring this angular distribution with the one of final positions
of figure 9 (right). As predicted, this distribution concentrates
on a much smaller area, that for all the cases of the β scan
corresponds to values of α close to π. This is roughly the
region where γ∗

c is maximum in figure 3. In the same figure,
γ∗

c ≈ 1 is also obtained in a small area around λ = 0.41 T− 1

for α slightly larger than 0, and around λ = 0.38 T− 1 and α

slightly smaller than 2π. This could correspond to the sec-
ondary peaks of the right corners of 9 (right column). We
conclude that the location of the superbananas at s = 0.25 can
provide predictions, at least of qualitative nature, at s = 1.

11



Nucl. Fusion 61 (2021) 116059 J.L. Velasco et al

Figure 9. Initial (left) and final (right) angular distribution of the orbits that are promptly lost after being born at s = 0.25, obtained with
ASCOT. The dotted line represents α = π.
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Figure 10. Angular distribution of prompt loss fraction of energetic ions born trapped at s = 0.25 obtained with ASCOT (left) and the
model (right).

The fraction of trapped energetic ions born at a given
angular position α that are promptly lost reads

fpl,α(α) =

!" B− 1

B− 1
max

dλ B√
1− λB

δ(α − α′)H
#

(αout − α)vM · ∇α
$

H
#

(α − αin)vM · ∇α
$%

!" B− 1

B− 1
max

dλ B√
1− λB

δ(α − α′)
%

=

" L
0 dl

" B− 1

B− 1
max

dλ√
1− λB

H
#

(αout − α)vM · ∇α
$

H
#

(α − αin)vM · ∇α
$

" L
0 dl

" B− 1

B− 1
max

dλ√
1− λB

. (29)

It takes values between 0 and 1 and has been derived using
that

⟨ f ⟩ =
ds
dV

" 2π

0
dα

" L

0
dlB− 1 f , (30)

being L(α) the length of the field line. Figure 10 (left) shows a
broad angular profile of prompt losses: a similar proportion of
the trapped energetic ions followed with ASCOT are lost for
each α, irrespective of β. This absence of clear features makes
this aspect of the calculation not very useful for model valida-
tion. Figure 10 (right) shows that, according to the model, the
trapped energetic ions born atα slightly larger thanπ should be
slightly more likely to be promptly lost, corresponding to the
deeply trapped region of figure 3. A smaller peak exists around
α = 0.2, corresponding to the superbananas at λ ≈ 0.41 T− 1

in figure 3. Both are reduced by β. Although a similar structure
of two peaks has been detected by guiding-center simulations
of ions generated by neutral beam injection [18], it cannot be
seen in figure 10 (left).

5.4. Comparison of proxies

We have seen that the model of section 4.2 succeeds in pre-
dicting important features of the prompt losses of energetic
ions, some of them configuration-dependent. This is a cru-
cial property if it is to be employed for stellarator optimiza-
tion, i.e. for the design of new magnetic configurations with
reduced energetic ion losses. We now go one step further, try
to use our model as proxy for energetic ion confinement, and
check quantitatively how good it is predicting the configura-
tion dependence of the prompt losses. This is done in figure 11,
that includes data from the eight W7-X configurations of the

study and three different radial positions: s = 0.06, s = 0.25
and s = 0.50.

The diagonal subplots (top left, center and bottom right) in
figure 11 study the correlation between the fraction of prompt
losses of ions born at a given flux-surface, calculated with
ASCOT, and the predictions of the models evaluated at the
same flux-surface. Overall, Γα performs better at predicting
the prompt ion losses f loss,t: the points lie closer to the diagonal
of each subplot; Γδ generally overestimates them, something
to be expected from figure 5. At some flux-surfaces, Γ̂c could
be used to predict f loss,t, even though it is not its purpose. This
cannot be done with Γ̌c (or Γc, which is not shown).

The subplots below the diagonal (bottom left, center left
and bottom center) in figure 11 correspond to the comparison
between the fraction of prompt losses of ions born at a given
flux-surface, calculated with ASCOT, and the predictions
of the models evaluated at an outer flux-surface. It makes
sense that the proxies still succeed in predicting qualitatively
(not quantitatively) energetic ion confinement, since the ions
followed by ASCOT have to go through the flux-surface
characterized by the models if they are to escape the plasma.
Indeed we see good correlation between Γα and ASCOT,
which means that the former could be used for optimization
with respect to prompt losses of energetic ions born at inner
flux-surfaces, not only at the flux-surface where the formula
is evaluated. Indeed, one could perform a linear fitting of the
data, and the intercept would be negative. This suggests that
this could be a more effective optimization strategy, since the
losses approach zero faster than the proxy.

Finally, most neoclassical properties, and the optimization
with respect to neoclassical prompt losses could be one of
these properties, vary smoothly with the radial coordinate
of a magnetic equilibrium. It is natural then that a model
evaluated on a flux-surface is able to predict reasonably
well the properties of a non distant flux-surface. In order to
distinguish this effect from the one discussed in the previous
paragraph, we turn our attention to the subplots above the
diagonal (top right, top center and center right) in figure 11.
These ones compare the fraction of prompt losses of ions

13



Nucl. Fusion 61 (2021) 116059 J.L. Velasco et al

Figure 11. Comparison between proxies and ASCOT calculations of prompt losses.

born at a given flux-surface, calculated with ASCOT, and the
predictions of the models evaluated at an inner flux-surface.
Even though the correlation is worse than in the plots above
the diagonal, it is larger than what one would obtain if no
relation existed between the level of optimization of different
flux-surfaces (we are disregarding in this discussion possible
inwards excursions of the ions, but these should be scarce).
In this case, the intercept of a linear fit would be positive,
indicating that optimizing for prompt losses only at the
innermost flux-surfaces is probably not a good strategy.

Let us finally mention that the computation of each of the
points of 11 took a few seconds on a single desktop computer
(and most of the computing time was devoted to the calculation
of the bounce averages, that could be trivially parallelized).
This computing time is clearly small enough for the model
presented in this work to be included within the loop of a
stellarator optimization suite.

6. Discussion

We have derived a model, encapsulated in the quantity Γα,
that succeeds in predicting, even quantitatively, configuration-
dependent features of the prompt losses of energetic ions in

stellarator configurations. It is fast enough to be part of any
stellarator optimization strategy. This model is based on the
neoclassical code KNOSOS, which is already integrated in
the optimization suite STELLOPT [30], and is planned to be
included in other optimization codes in the near future.

This application should not be limited to the optimiza-
tion of stellarators of the helias type. The results presented
here could be applied for other kinds of stellarators, such
as heliotrons and stellarators close to quasisymmetry. While
the role of β in increasing the toroidal precession and lead-
ing to the maximum-J property is unique to quasi-isodynamic
stellarators, the maps of γ∗

c and the conclusions drawn from
them should be general. Actually, [22] contains figures with
similar information that are employed to argue qualitatively
on the different level of optimization of two quasisymmetric
configurations.

The tools derived in this work may be useful not only
for stellarator optimization but for an extensive search of
the parameter space of an already designed stellarator. For
instance, figure 12 shows a finer version of the scans in β
discussed so far in this work. The prompt losses are esti-
mated with Γα for 71 magnetic equilibria corresponding to the
KJM configuration with values of β between 0% and 7% and
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Figure 12. Dependence of the prompt losses of the KJM configuration as a function of β for energetic ions born at s = 0.06 (left), s = 0.25
(center) and s = 0.50 (right).

parabolic pressure profiles. This fine scan allows us to assess
whether the β-dependence is smooth or it shows some kind of
threshold behavior. The prompt losses are shown to decrease
with approximately constant slope, with some small correc-
tions: for the two innermost flux-surfaces, the slope reaches
a (relatively small) minimum value around 2% < β < 3%;
at small values of β, the diamagnetic effect may be even
detrimental, a fact well captured by the model at s = 0.06,
although not at s = 0.25. These results are consistent with
figures 2, 3 and 7 (right). More detailed studies are left for the
future.

More physics could be included in the model. The radial
electric field tends to improve the confinement of partially
thermalized energetic ions. In our framework, electric fields
(also those that are tangent to the flux-surface [31, 32]) can be
included by replacing equation (14) with

γ∗
c =

2
π

arctan
∂αJ
|∂sJ| =

2
π

arctan
(vM + vE) · ∇s

|(vM + vE) · ∇α|
, (31)

where vE represents the E × B drift. Collisions tend to increase
the energetic ion losses [9, 33]. In our approach, only trapped
ions born with particular ranges of λ escape, and the rest
remain confined. Pitch-angle-scattering collisions will pro-
duce diffusion into those values of λ from neighboring regions
in the velocity space, and, consequently, additional prompt ion
losses at longer time scales (this proccess has been character-
ized, for ions generated by neutral beam injection, in [18]).
This could be added to our model as a diffusive term in λ.
Energy diffusion does not change the character of confined
or unconfined of orbits in the absence of radial electric field,
since v does not appear on equation (14). However, it does
when the radial electric field is relevant, since equation (31) is
energy-dependent.

The study of this work (except for the possible upgrades
mentioned in the previous paragraphs) basically exhausts
what can be modeled with a local approach. The underlying
assumption in any radially-local description of energetic ion
losses, such as the one presented here, is that the structure of
superbananas does not change qualitatively when moving in
the radial coordinate. This is what happens in figure 6 (top),
where the blue and red dashed lines are able to reproduce qual-
itatively well the open J-contours of the sketch. This property,

which can be roughly expressed as

γ∗
c (s,α,λ) ≈ γ∗

c (s0,α,λ), (32)

is reasonably fulfilled for our configurations, as indicated by
the comparison between figures 3 and 4. There are however
a few exceptions: for instance, the above-mentioned closed
orbits of J = 0.24vR0 at β = 0% would probably be inter-
preted as prompt losses by any local model.

The good agreement between our local model and the
global Monte Carlo simulations can be at the basis of more
efficient radially global guiding-center (or full-orbit) simula-
tions by means of existing Monte Carlo codes: it implies that
many features of a particle trajectory are not determined by its
initial point in phase space (s,α, l,λ, v) but specifically by the
initial trapped-orbit in which it lies, (s,α,λ, v). Computation-
ally speaking, an initial set of markers distributed accordingly
may be significantly more efficient than a uniform distribu-
tion on the flux-surface. This is likely to be the case even in
simulations with collisions.

However, an even more relevant theoretical finding can be
extracted from the results of this paper: a bounce-averaged
drift-kinetic equation is likely able to describe, even quan-
titatively, the neoclassical transport of energetic ions. This
equation needs to be radially global, but could in princi-
ple be solved much faster than the one solved by guiding-
center codes, since the motion along the magnetic field lines
would not need to be resolved. The code KNOSOS has been
adapted in order to solve rigorously the radially global bounce-
averaged drift kinetic equation. First results will be presented
elsewhere.
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