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1. Introduction

Stellarators [1] represent a promising alternative to tokamaks 
on the path towards a magnetic confinement fusion reactor. 
The main difference between a tokamak and a stellarator is 
that the former is axisymmetric, whereas the magnetic config-
uration of the latter is three-dimensional (3D) and (in general) 
has no symmetry direction. Due to the 3D nature of the stellar-
ator, the confining magnetic field can be generated by external 
coils only, whereas in a tokamak part of the magnetic field is 
produced by a large current in the plasma. This current drives 
plasma instabilities and makes it difficult to operate the device 
in steady-state, which is essential for a reactor. The intrinsic 

advantages of the stellarator regarding steady-state operation 
come at a cost: it is hard to design a 3D magnetic configura-
tion whose confinement quality is as good as that of the toka-
mak. Stellarator magnetic fields that are capable to perfectly 
confine particles in the absence of collisions, like tokamaks 
do, are called omnigeneous [2–4]. Omnigeneous stellarators 
have neoclassical transport levels (that is, transport due to 
inhomogeneities of the magnetic field and to collisions) com-
parable to those of tokamaks [5]. However, even very small 
(and almost surely unavoidable) deviations from omnigeneity 
give large neoclassical transport, especially at low collision-
ality [6]. The customary situation is that, in real stellarators, 
main ion transport is well described by neoclassical theory 
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in the inner region of the plasma and turbulent transport is 
subdominant [7]. Highly charged ions are more collisional, 
but even for them neoclassical transport is expected to be very 
important. Understanding transport of impurity ions with high 
electric charge is particularly relevant because, for example, 
tungsten is the material planned for the divertor of ITER [8] 
and is also the divertor material chosen in the conceptual 
design of some heliotron reactors [9].

In this letter we will study the neoclassical transport of 
impurities of mass mz and charge Zze that collide with main 
ions of mass mi and charge Zie, where e is the proton charge. 
We assume Zz � Zi ∼ 1 and 

√
mz/mi � 1. The neoclassi-

cal radial impurity flux across a magnetic surface (magnetic 
surfaces are often called ‘flux surfaces’) labeled by the radial 
coordinate r, Γz, can be written as

Γz = −η(Dzz
11α1z + Dzi

11α1i + Dz
12α2), (1)

where η(r) is related to the flux-surface average of 
the impurity density (see equation  (4) for its defi-
nition), Dzz

11(r) > 0, Dzi
11(r) and Dz

12(r) are trans-
port coefficients, and α1z = η′/η + T ′/T + Zzeϕ′

0/T , 
α1i = n′i/ni + T ′/T + Zieϕ′

0/T  and α2 = T ′/T  are the ther-
modynamic forces. Here, ni(r) is the ion density, T(r) is the 
temperature (the main ion and impurity temperatures are 
assumed to be equal) and primes stand for derivatives with 
respect to r. The electrostatic potential ϕ(r, θ, ζ) is written as

ϕ(r, θ, ζ) = ϕ0(r) + ϕ1(r, θ, ζ), (2)

with θ and ζ poloidal and toroidal angles, respectively, and 
|ϕ1| � |ϕ0|. Hence, the radial electric field Er is approximately 
given by Er = −ϕ′

0, whereas ϕ1 determines the component of 
the electric field that is tangent to the magnetic surfaces.

In tokamaks, Dzi
11 = −(Zz/Zi)Dzz

11 for arbitrary plasma pro-
files, and therefore Er does not appear on the right side of (1). 
Moreover, Dz

12  is often positive and one can obtain Γz > 0 
if T ′ is sufficiently negative [10]; this is known as ‘temper-
ature screening’. The situation is completely different in stel-
larators. Experimentally, stellarator impurity accumulation 
in the plasma core is consistently observed [11] (although 
there are remarkable, not completely understood, exceptions 
like the ‘impurity hole’ [12, 13] in the Large Helical Device 
(LHD) and the ‘high density H mode’ in Wendelstein 7-AS 
[14]; see also [15] for another exception in LHD involving 
plasmas with higher density than those typical of the impurity 
hole). Impurity accumulation leads to fuel dilution and even 
to plasma termination by radiative collapse. This is why impu-
rity transport is a matter of concern and an active research 
topic in the stellarator community. The standard theoretical 
argument to explain impurity accumulation, Γz < 0, in stel-
larators is as follows. Terms containing Er on the right side of 
(1) do not cancel out and, since Er < 0 in reactor-grade stel-
larator plasmas [7, 16], the radial electric field gives a large 
inward pinch for Zz � 1 (unless the value of Er is exception-
ally close to zero [16]).

Recently, it was proven in [17] that the standard theoretical 
argument that we have just given to explain the phenomenon 
of impurity accumulation in stellarators is, sometimes, flawed. 

The calculation of [17] shows that if ϕ1 ≡ 0, the main ions 
have low collisionality and the impurities are collisional, then 
Dzi

11 = −(Zz/Zi)Dzz
11 and, therefore, Er does not contribute 

to Γz. In principle, this is a positive result because it makes 
impurity screening in stellarators more likely than previously 
thought. The result of [17] is correct and relevant as long as 
ϕ1 is negligible. The assumption that Zieϕ1/T  is sufficiently 
small for ϕ1 to be dropped in the main ion drift-kinetic equa-
tion  is typically very good. However, in recent years it has 
become clear that, for Zz � 1, the effect of ϕ1 on the radial 
transport of impurities cannot be neglected [19], among other 
reasons, because the size of the radial E × B drift over the 
radial magnetic drift grows with Zz. In this letter we assume 
the ordering

Zzeϕ1

T
∼ 1 (3)

and show that, when the effect of ϕ1 is incorporated, Er reap-
pears on the right side of (1). Actually, we show that the effect 
of ϕ1 on Γz can be large even if Zzeϕ1/T  is small. We prove all 
this by explicitly deriving in section 2, for trace impurities, an 
analytical expression for Γz including the effect of ϕ1, assum-
ing that the ions have low collisionality, that the impurities 
are collisional (i.e. they are in the so-called Pfirsch–Schlüter 
regime) and that the electrons are adiabatic. This expression is 
provided in equation (25), which reduces to that in [17] when 
ϕ1 ≡ 0. The result given in (25) has been obtained in parallel 
and independently in [18] by employing a fluid treatment for 
the impurities. The approach that we follow in this letter is 
fully kinetic. In section 3, as an example, we provide a numer-
ical evaluation of expression (25) in a realistic LHD plasma.

2. Derivation of the expression for the neoclassical 
radial impurity flux

In velocity space, we employ as coordinates the total energy 
per mass unit E = v2/2 + Zzeϕ/mz , the magnetic moment 
µ = v2

⊥/(2B), the sign of the velocity parallel to the magnetic 

field B, σ = v||/|v|||, with v|| = σ
√

2 (E − µB − Zzeϕ/mz) , 
and the gyrophase φ. Here, v is the magnitude of the veloc-
ity v, v⊥ is the magnitude of its component perpendicular 
to the magnetic field and B = |B|. The impurity distribution 
Fz(r, θ, ζ, E ,µ), which is gyrophase-independent for the pur-
poses of this calculation [20], can be written as Fz = FMz + Fz1, 
where

FMz = η
( mz

2πT

)3/2
exp

(
Zzeϕ0

T

)
exp

(
−mzE

T

)
 (4)

is a Maxwellian distribution constant on the magnetic surface, 
η(r) is a function that depends only on the radial coordinate 
r and Fz1 is a perturbation to FMz. Note that the density of 
the Maxwellian distribution, nz =

∫
FMzd3v, is related to the 

functions η, ϕ1 and T by

nz(r, θ, ζ) = η(r) exp
(
−Zzeϕ1(r, θ, ζ)

T(r)

)
. (5)

In terms of the distribution function, Γz reads

Nucl. Fusion 58 (2018) 124005
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Γz =

〈∫
vd,rFz1d3v

〉
, (6)

where 〈·〉 denotes flux-surface average, the radial drift vd,r is 
the sum of the radial components of the magnetic and E × B 
drifts,

vd,r =
v||

Ωz
∇ ·

(
v||b̂ ×∇r

)
, (7)

and Ωz = ZzeB/mz is the impurity gyrofrequency.
The function Fz1 is determined by the drift-kinetic equation

v||b̂ · ∇Fz1 + vd,r∂rFMz = C(�)
zi [Fz1; hi]. (8)

Here, C(�)
zi [Fz1; hi] is the linearized impurity-ion collision oper-

ator and hi is the non-adiabatic component of the deviation of 
the main ion distribution from a Maxwellian distribution. We 
have used the trace impurity approximation to neglect impu-
rity-impurity collisions against impurity-ion collisions (impu-
rity-electron collisions can be neglected against impurity-ion 
collisions due to the small mass of the electrons relative to the 
mass of the ions). To lowest order in a 

√
mi/mz � 1 expan-

sion [21], we have

C(�)
zi [Fz1; hi] = νzi

(
KFz1 +

mzAv||
T

FMz

)
, (9)

where νzi = Z2
z Z2

i e4nim
1/2
i ln Λ/[3(2π)3/2ε2

0mzT3/2] is the 
impurity-ion collision frequency, ε0 is the vacuum permit-
tivity, ln Λ is the Coulomb logarithm,

KFz1 =
T
mz

∇v ·
(

FMz∇v

(
Fz1

FMz

))
 (10)

and

A =
3
√
π T3/2

√
2nim

3/2
i

∫ v||
v3 hi(v)d3v (11)

is the parallel velocity that the impurities would reach due 
to friction with the main ions in the absence of other forces. 
Hence, we would like to solve

(v||b̂ · ∇ − νziK)Fz1

= −vd,r∂rFMz +
νzimzAv||

T
FMz

 (12)

in the Pfirsch–Schlüter regime, defined by νzi∗ = νziR0/vtz�1, 
where νzi∗ is the impurity-ion collisionality, vtz =

√
2T/mz  

is the impurity thermal speed and R0 is the stellarator major 
radius.

We expand Fz1 as Fz1 = F(−1)
z1 + F(0)

z1 + F(1)
z1 + . . ., with 

F(k)
z1 ∝ ν−k

zi∗ . The terms in (12) that scale with ν2
zi∗ impose

KF(−1)
z1 = 0, (13)

which implies

F(−1)
z1 (r, θ, ζ, E) = N(−1)(r, θ, ζ)

nz(r, θ, ζ)
FMz(r, E). (14)

The contribution of F(−1)
z1  to (6) gives the neoclassical radial 

impurity flux in the Pfirsch–Schlüter regime. Using (14) in 
(6), taking the integral over velocities and defining a function 
U1(r, θ, ζ) as the solution of

B · ∇U1 = −∇ ·

(
1
Φ1

b̂ ×∇r
B

)
, (15)

where we have introduced the short-hand notation 
Φ1 ≡ exp(Zzeϕ1/T), we get

Γz =
Tη
Zze

〈
U1B · ∇

(
N(−1)

nz

)〉
. (16)

Denoting by (r, θmax, ζmax) the point where B reaches its maxi-
mum value on the surface, we choose to fix the integration 
constant in (15) such that U1(r, θmax, ζmax) = 0. In order to 
determine B · ∇(N(−1)/nz), we need higher order equations in 
the 1/νzi∗ expansion.

Terms in (12) that scale as νzi∗ give

KF(0)
z1 =

[
1
νzi

b̂ · ∇
(

N(−1)

nz

)
− mzA

T

]
v||FMz, (17)

where (14) has been employed. It is easy to check that

F(0)
z1 = −

[
1
νzi

b̂ · ∇
(

N(−1)

nz

)
− mzA

T

]
v||FMz (18)

solves (17).
From terms in (12) that scale as ν0

zi∗, we find

KF(1)
z1 =

1
νzi

v||b̂ · ∇F(0)
z1

+
1
νzi

vd,r

[
α1z + α2

(
mzE

T
− Zzeϕ0

T
− 5

2

)]
FMz.

 

(19)

We will not need to solve for F(1)
z1  in (19), but only deal with its 

solvability condition, obtained by integrating over velocities. 
The solvability condition is

B · ∇
(∫ v||

B
F(0)

z1 d3v
)

= −
∫

vd,r

[
α1z + α2

(
mzE

T
− Zzeϕ0

T
− 5

2

)]
FMzd3v.

 

(20)

Using (18) on the left side of (20) and working out explic-
itly the integral on the right side of (20), the solvability condi-
tion becomes

B · ∇
{

T
mzB

1
Φ1

[
1
νzi

b̂ · ∇
(

N(−1)

nz

)
− mzA

T

]}

= ∇ ·

{
T

Zze
b̂ ×∇r

B
1
Φ1

[
α1z + α2

Zzeϕ1

T

]}
.

 

(21)

This expression suggests the definition of another function 
U2(r, θ, ζ) via the equation

B · ∇U2 = −∇ ·

(
Zzeϕ1

T
1
Φ1

b̂ ×∇r
B

)
 (22)

Nucl. Fusion 58 (2018) 124005
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together with the condition U2(r, θmax, ζmax) = 0. On an ergo-
dic surface, equation (21) implies that

B · ∇
(

N(−1)

nz

)
=

νzimz

T

(
BA − B2Φ1

〈B2Φ1〉
〈BA〉

)

+
νzimz

Zze

[
− B2Φ1 (α1zU1 + α2U2)

+
B2Φ1

〈B2Φ1〉

(
α1z

〈
B2U1Φ1

〉
+ α2

〈
B2U2Φ1

〉 )
]

.

 

(23)

In order to obtain an explicit expression for Γz, we need 
the quantity A. So far, we have made no hypothesis about the 
magnetic geometry. In what follows, we assume that the stel-
larator has large aspect ratio; i.e. ε = a/R0 � 1, where a is 
the stellarator minor radius. Denote by νii∗ = νiiR0/vti the ion 
collisionality, where νii is the ion–ion collision frequency and 
vti =

√
2T/mi  is the ion thermal speed. Manipulations analo-

gous to those employed in [22] give, for a large aspect ratio 
stellarator and for low collisionality ions, νii∗ � ε3/2,

A =
T

Zie
B

〈B2〉

[(
α1i −

3
2
α2

)(
fs + 〈B2〉u

)

+
fc
(

fs +
〈
B2u

〉 )

1 − fc
(α1i − 1.17α2)

]
.

 

(24)

Here, fc and fs are two constants for each magnetic surface 
whose values can be found in [22] and the function u is defined 
by the equation b̂ · ∇u = 2B−3(b̂ ×∇r) · ∇B, where the inte-
gration constant has been chosen so that u(r, θmax, ζmax) = 0. 
We have also used that the function s defined in [22] is small 
compared to u when ε � 1 and we have dropped it.

Using (23) and (24) in (16), we obtain the final expression 
for the radial impurity flux,

Γz =
mzηTνzi

Zze2

{
− 1

Zz

〈
B2Φ1U1(α1zU1 + α2U2)

〉

+
1
Zz

〈B2Φ1U1〉
〈B2Φ1〉

〈
B2Φ1(α1zU1 + α2U2)

〉

+
1
Zi

〈
U1

B2

〈B2〉

[(
α1i −

3
2
α2

)
( fs + 〈B2〉u)

+
fc( fs +

〈
B2u

〉
)

1 − fc
(α1i − 1.17α2)

]〉

− 1
Zi

〈B2Φ1U1〉
〈B2Φ1〉

〈
B2

〈B2〉

[(
α1i −

3
2
α2

)
( fs + 〈B2〉u)

+
fc( fs +

〈
B2u

〉
)

1 − fc
(α1i − 1.17α2)

]〉}
.

 

(25)

As advanced in section 1, in a stellarator the terms propor-
tional to Er do not cancel out on the right side of (25) in gen-
eral. It can be checked that (25) reduces to the expression for 
the radial impurity flux given in [17] when ϕ1 ≡ 0, and that in 
that case the right side of (25) does not depend on Er. This can 
be easily seen by noting that, for ϕ1 ≡ 0, we have U1  =  u and 

U2 ≡ 0, and recalling that the function s appearing in [17] is 
negligible compared to u when ε � 1. Besides, one can prove 
that when (25) is particularized for a tokamak, Er does not 
drive impurity flux even if ϕ1 is taken into account, a result 
that is consistent with [23].

For ϕ1 ≡ 0, the impurity flux in equation (25) is of order 
Γz ∼ (mznzTνzi/Zze2B2)α2, where we have used U2 ≡ 0, 
the estimate U1 ∼ u ∼ B−2 and the fact that the terms that 
contain fs and fc cancel because fs and fc are flux functions. 
For Zze|ϕ1|/T � 1, assuming that ∇ ln |ϕ1| ∼ a−1, we find 
Φ1 � 1 + Zzeϕ1/T  and U1 − u ∼ U2 ∼ B−2(Zzeϕ1/εT). The 
scaling of fs and fc with ε is fs ∼ ε−1/2 and 1 − fc ∼ ε1/2. From 
(25), we find that ϕ1 gives a correction to Γz that becomes 
important when

Zze|ϕ1|
εT

� 1. (26)

Equation (26) means that ϕ1 need not be as large as 
Zzeϕ1/T ∼ 1 for its effect on the impurity flux to be signifi-
cant. Therefore, when Zze|ϕ1|/T � 1 and (26) hold, we get 
the estimate

Γz ∼
[

1 + O
(

Zzeϕ1

εT

)]
mznzTνzi

Zze2B2 α2. (27)

3. Numerical evaluation of expression (25)

Next, we illustrate the analytical results by numerically evalu-
ating expression (25) in an example. We focus on an LHD 
configuration [24] at r/a  =  0.8, with major radius R0  =  3.67 m  
and minor radius a  =  0.64 m. We take ni = 1.2 × 1020 m−3, 
T  =  1.3 keV, n′

i = −4.7 × 1020 m−4 and T ′ = −6.9 keV m−1.  
These values correspond to the plasma denoted by ‘A.III’ in 

Figure 1. Neoclassical impurity flux given by (25) as a function 
of Er for the plasma described in the text and for η′ = 0. We show 
pairs of curves, without ϕ1 (squares) and with ϕ1 (circles), for 
three charge states of tungsten, Zz  =  24, Zz  =  34 and Zz  =  44. For 
Zz  =  44, a third (dashed) curve is plotted, representing the sum of 
the neoclassical and classical fluxes. The inset shows a blowup of 
the region around Γz/η = 0 and Er = −10 kV m−1.

Nucl. Fusion 58 (2018) 124005



5

I. Calvo et al

[19], but here we take deuterium for the main ions. In this 
situation, νii∗ = 3 × 10−2. We will give numerical results for 
several values of Er around the ambipolar value (obtained 
by requiring that the radial flux of the main ions vanish), 
Er ≈ −13 kV m−1; for each case, ϕ1 is calculated with the 
code EUTERPE [25]. For the impurities, we take η′ = 0 
(therefore, Γz gives information on how an initially homo-
geneous impurity density profile tends to evolve) and give 
results for three charge states of tungsten, Zz  =  24, Zz  =  34 
and Zz  =  44. For Zz  =  44, we have νzi∗ = 3.4.

In figure 1 we plot the neoclassical impurity flux given by 
(25) for the plasma described above, as a function of Er. We 
show the results without and with ϕ1. Without ϕ1, the depend-
ence of Γz on Zz is weak and there is no dependence on Er 
at all. When ϕ1 is included, the dependence of Γz on Zz and 
Er is very strong. In particular, the dependence on Er is non-
monotonic. In order to give an idea of the amplitude of ϕ1 
calculated by EUTERPE, we define 2∆ϕ1 as the difference 
between the maximum and minimum values of ϕ1 on the 
magnetic surface. The smallest value for ∆ϕ1 in the Er scan 
is e∆ϕ1/T ∼ 5 × 10−3, reached for Er ≈ −12 kV m−1, and 
the largest one is e∆ϕ1/T ∼ 1.9 × 10−2, corresponding to 
Er ≈ −6 kV m−1. Although, in our example, impurity accu-
mulation is almost always predicted, for Zz  =  24 and includ-
ing ϕ1 there is a region around Er = −10 kV m−1 where Γz is 
less negative than in the case without ϕ1, and there even exists 
a narrow range of values of Er where a small outward impurity 
flux is obtained. Thus, there exist combinations of main ion 
parameters, Zz, Er and ϕ1 that prevent impurity accumulation.

Finally, we have checked that the classical impurity flux 
(see an explicit expression in [18]) is negligible in our exam-
ple. In figure  1, the contribution of classical transport for 
Zz  =  44 is provided. The weight of classical transport is also 
small for the other charge states (not shown in figure 1). As 
argued in [18], in some stellarator configurations the ratio of 
classical to neoclassical transport can be larger. For instance, 
in configurations of Wendelstein 7-X possessing a small ratio 
of parallel to perpendicular electric current.

4. Conclusions

We have derived an explicit expression for the neoclassical 
radial flux of trace impurities in stellarators when the main 
ions have low collisionality and the impurities are collisional. 
This expression includes the effect of the component of the 
electrostatic potential that is non-constant on the magnetic 
surface, ϕ1, which we have shown to be very strong for 
highly-charged impurities. In addition, in this collisionality 
regime, we have shown that the cases without and with ϕ1 are 
qualitatively different: in [17], it was proven that, when ϕ1 is 
neglected, the radial electric field does not drive impurity flux. 
Our calculation shows that, when the effect of ϕ1 is taken into 
account, this does not hold any longer. We have provided real-
istic examples in which including ϕ1 reverses the sign of the 
impurity flux and gives outward transport.
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